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Exercise 1:
Let X be a measure space fn : X → R a sequence of measurable functions, and f : X → R a
measurable function. By definition we say that fn converges to f in measure if for all ε > 0,

µ({x ∈ X : |fn(x)− f(x)| > ε}),

converges to zero, as n→∞, where µ is the measure on X.
(i). Find a measure space X, fn : X → R a sequence of measurable functions, and f : X → R
a measurable function such that fn converges to f almost everywhere but not in measure.
(ii). Find a measure space Y , gn : Y → R a sequence of measurable functions, and g : Y → R
a measurable function such that gn converges to g in measure but not almost everywhere.

Exercise 2:
Let X be a metric space such that X is a finite set.
(i). Show that any convergent sequence in X is eventually constant.
(ii). Find (with proof) all subsets of X that are compact.

Exercise 3:
Define f : [0, 1]→ R by

f(x) =

{
0, if x = 0 or x ∈ [0, 1]\Q;
1/q, if x ∈ (0, 1]

⋂
Q and x = p/q in lowest terms.

For instance, f(0.75) = 1/4 due to 0.75 = 3/4 in lowest term; f(1/
√

2) = 0 due to 1/
√

2 /∈ Q.
(i). Is f a Lebesgue measurable function? Justify your answer.

(ii). Find
∫ 1

0
f(x)dx.

(iii). Prove that f(x) ≤ x for all x ∈ [0, 1].
(iv). Find the set of points of discontinuity of f in [0, 1].

Exercise 4:

Find (with proof) lim
n→∞

∫ 1

0

sin(xn)

xn
dx.

Exercise 5:
Let fn ∈ L2([0, 1]) and f ∈ L2([0, 1]).
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(i). Prove that, ‖fn − f‖2 → 0 implies that ‖fn‖2 → ‖f‖2.
(ii). Does ‖fn‖2 → ‖f‖2 imply ‖fn − f‖2 → 0? Justify your answer.
(iii). Suppose ‖fn‖2 → ‖f‖2 and fn → f almost everywhere on [0, 1]. Show that
‖fn − f‖2 → 0.


