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Math Modeling

• Why Model??
• To understand, To predict, To control

• Models provide a conceptual framework
• Synthesize/summarize large quantities of data
• Provide insight and test hypotheses
• Agent Based Models: easy to understand 

implement
• Mathematics – provides a precise language with 

well defined rules (variables, parameters,…)
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Agent Based Models

• Also known as:
– Cellular Automaton
– (Biased) Random Walks 

• Basic idea: Rule based
• “Agents” have different states and rules 

govern whether they change states and/or 
move, rules for interactions of agents.

• Interesting emergent phenomena and 
interactions can occur!

http://introtopolicyinformatics.wikispaces.asu.edu/Agent+Based+Modeling



Agent Based Models - Applications
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https://www.gisagents.org/2015/01/



Agent Based Models - Applications
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Applications
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Agent Based Models

• Why are they so popular?
– Complex systems are handled easily
– Autonomous Agents (not centrally governed)
– Diverse and Heterogeneous Agents
– Agents can adapt

• Complex social processes and a system can be 
built from the bottom up

• Can be analyzed mathematically
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Agent Based Models
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Central
processing unit 

–> the brains

Graphical
processing unit 

–> the brains

• Computational Power
• CPU: just a few cores with huge cache memory that 

can handle a few threads (or processes) at a time
• GPU: hundred of cores that can handle thousands of 

threads (or processes) simultaneously

https://www.overclock3d.net/reviews/gpu_displays/gainward_gtx_titan/2



Models – movement
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• Lattice • Off-Lattice



• 1-d, 2-d, 3-d?
• Rules for movement? 

Randomness?
• Probability / expected value?
• Vectors

– Position: X=<x(t),y(t)>
– Movement: Xnew=Xold+tV

where V is the velocity,              
which depends on?

Movement
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Movement

• Distributions
• Poisson, von Mises, wrapped normal, wrapped 

Cauchy, circular distributions, normal, …

• Biased motion
• Bias time, location, angle, movement
• Environmental conditions

• Crowding, fluid flow,                                         
chemicals, food, ….



Agent Based Models

• What goes into an agent based model?
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http://jasss.soc.surrey.ac.uk/13/1/3.html

https://www.fhwa.dot.gov/advancedresearch/pubs/11036/index.cfm

https://www.smartcaptoolbox.com/?page_id=36



Agent Based Models

• Back to the basics…
• Cellular Automaton

– On a grid
– Discrete set of time steps
– Agents fixed at each grid point
– Iterate through time
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John Conway’s Game of Life

• Developed in 1970
• Zero-player game: determined by initial 

conditions and rules of the “agents” 
determine the evolution

• Agents are on a 2-d grid in one of two states:
– Alive or Dead
– Moore neighborhood to determine                                            

state changes
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Rules for Game of Life



Game of Life  
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• State space:                         where 0=dead, 1=alive
• No movement of agents
• At t=0, initialize every point on a 2-d grid with a 0 or 1
• Transition rule for state changes at each time 

iteration:

0
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• Code

Game of Life
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• Still lifes
• Oscillators
• Spaceships
• Wikipedia
• Simple rules can lead to:

– Interesting math to formalize and analyze
– Fun patterns!

Patterns in Game of Life

https://en.wikipedia.org/wiki/Conway's_Game_of_Life#Examples_of_patterns


Abelian Sandpile

• 2-d Cellular Automaton
• Begin with a certain number of 

grains of sands at the origin at 
time zero

• At each lattice point:
– If # of grains >3 then distribute           

one grain to each of four 
neighbors

– Stop at steady state
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https://commons.wikimedia.org/wiki/File:Von_neumann_neighborhood_with_cardinal_directions.svg



1-d Agent Based Model

• Starting simple: a single agent in a single state that 
moves on a 1-d grid or line.

• At each iteration, the agent flips a coin. Move left 1 
box if T and move right 1 box if H
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https://en.wikipedia.org/wiki/Random_walk



1-d Agent Based Model

• Code
• Expected Value and Law of Large Numbers
• Gambler’s ruin or Gambler’s fallacy
• Random Process with independent trials
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2-d Agent Based Model

• On a 2-d grid
• Von Neumann neighborhood
• Code
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Cell Proliferation

• Cells in an experiment can reproduce and 
move

• Move freely, confined to stay within the 
domain

• Code
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Total Cells
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Cells Absorbing Particles
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Spread of an epidemic

• e.g. Flu or Ebola virus
• Start with healthy population and introduce 

one sick person into the population
• Probability: of getting sick, recovering, dying
• Rules: Get sick if come into contact with other 

sick individuals
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SIR Model
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SIR Model
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TI=total infection time, TR=total recovery time, K=contact tolerance



Analyzing Steady States

For our rules in the CA model, we get:
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SIR Models

• Alternate approaches to SIR Models
• Differential equations – could analyze steady 

states…
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Analysis and Comparison to Other Models

• Can be used to understand collective motion
• For what rules do we observe dynamic 

patterns? Wave propagation?
• Why use these models?

AB or CA Models PDE Models

7/16/18 S. Olson (WPI) 30



Collective Motion

• Deriving a Global Recurrence 
Rule and analyzing stability 
allows us to determine behavior 
in a stochastic system of agents 

• Other analysis…
– How long does it reach an agent 

or a group of agents to reach a 
given location?

– Application of MFPT – Mean 
First Passage Time
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Mean First Passage Time in 1D
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MFPT 1D

If probability to move 
left and right is ½ and 
escaping through x=0 
and x=1:
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Escape Time or MFPT on Unit Disk
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Summary

• Agent Based Models
– Useful! 
– Involves probability, statistics, vectors, …
– Could lead to interesting math analysis
– Computationally intensive!
– Model development and rules depends on application

• Free coding platforms
– Python and Octave
– NetLogo
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https://ccl.northwestern.edu/netlogo/
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