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The theory of angular momentum is dealt with in Griffiths Ch.4. | just emphasize some important
points. It was shown in lecture how all the properties of angular momentum in quantum mechanics

follow from the basic commutation ruIe[Lx, LJ =iAL, plus its cyclic variants. The raising and

lowering operators are defined asL, =L, + iLy. The most important relations involving the angular
momentum operators and eigenstates are:

L|1,m) =221 (1 +1)[l,m),  L,|I,m)=Am|l,m), L,

I,m)=hyI(1 +1) —m(m 1) [I,m 1) (1)
The eigenstates form an orthonormal and complete set:

(ILm[l'm") =44, (2a)

Smdm=1 (@)

where the second relation says that the 2| +1eigenstates for a particular | form a complete set for
that particular |. Thus | on the right side of (2b) is the identity operator in this subspace of the
larger space spanned by all the eigenstates.

The above relations allow one to obtain matrix representations of the angular momentum operators
as square | x | matrices in the basis afforded by the angular momentum eigenstates for a fixed
value ofl.

I now discuss three different aspects of the angular momentum operators/eigenstates.

Uncertainty relations

First note that the expectation values of the operators in the standard eigenstates are
(Lm|L,|l,m)=Am,  (I,m[L[1,m) =<I,m‘Ly‘I,m> =0 (3

The last two relations follow if one expresses L,and L, in terms of the raising and lowering
operators and uses (1) and (2a). We also have the result

<I,m

This can be proved by expressing L, Ly in terms of L, and using (1) or, more simply, by noting

that L +L =L* - and that (I,m|L2[1,m)=(1,m|L}

)= =5 [0 -]

I, m> from symmetry.



Recall the generalized uncertainty principle for two non-commuting observables A and B,
according to which the product of their variances obeys the inequality

AALB > %K[A, B]) (5)

where the variances and the expectation value are all to be calculated in the same quantum state
). Let us apply this relation to the case A=L,,B =L, and |¢) =|I,m). Then we have

AA=AL, =\/<I,m‘L§‘I,m> —<I,m I,m>2 =0

I,m> —<I,m I,m>2 :%«/I(I +1) -m® (6)

Lm)=in(l,m|L,|1,m) =0

I_Z

AB=AL, :\/<I,m 12

LX

(Lm[L,. L]

from which we see that both the left and right sides of (5) are zero and that the uncertainty relation
is satisfied as an equality. A more interesting case occurs if we take A=L,,B =L, and |¢) =|I,m).

Then one finds that

AL =AL, =%,/l(l +1) —m’?

) NG
and E<I,m‘[LX,Ly]‘I,m>:

<I,m|LZ|I,m>:%m

N | S

and (5) reduces to the inequality I(1+1) 2m? +|m|. Since —I <m <l this inequality is always
satisfied and the uncertainty principle is verified to be true. One also sees that the only states that
are minimum uncertainty states are the two extremal states |I,il> .

The above analysis justifies the “vector model” of angular momentum sometimes depicted in text
books. We have seen that the eigenstate |I,m> has sharp values of L*and L, associated with it but
thatL, and L, are both uncertain and have average values of 0. This state of affairs can be

captured geometrically by representing the angular momentum operator by a vector of fixed length
that sweeps out a cone about the z-axis. The constancy of the length of the vector and its

projection on the axis of the cone model the sharpness of L*and L, , while the rotation about the
axis of the cone models the washing out of a definite value of L, or Ly and also the averaging of
these values to zero (over a cycle of rotation).

Central potentials

A central potential V (r) depends only on the radial distance from the center of force (generally
taken at the origin) and has complete spherical symmetry about this center. We want to show that
the Hamiltonian for a central potential, H = p?/2m +V (r), commutes with both L*and L, and that



one can therefore construct simultaneous eigenstates of all these observables (which is what is
usually done). To show that L, commutes with H , we show that it commutes individually with the

operators p?and V (r) ; then we do likewise for L°.

[Lop*]=[Lop J+[Lop + L]
=[L.p)p +pfL. ] +[L.p, ] p, +0,[ L0, ] L. 0] P, +p] L, D]
=(inp, ) p, +p, (ip, ) +(7p,) p, +p, (-7p,) +0 40 =0

The commutators in the second line can be evaluated by writing out the components of the angular
momentum operator in terms of the position and momentum operators and then invoking the
fundamental commutation rules.

Next we evaluate the commutator of L, and V by expressing L, as a differential operator in the
coordinate representation:

[L,.V] f=LVf-VL,f

_E(Xi—y ]Vf _EV(Xi _J

i ody i ay dx

_( a\Vf) 0(Vf)J ﬁv X _ af]
oX i

=é(xa—v—ya—vjf ?( x[V) f= 0

i ax
i oy 0X

where we used the fact that, for a central potential, [1V is along r and hence that r x[IV= 0. Since
the above holds for an arbitrary function f, it follows that [LZ,V] =0.

By expressing L’as L + L2y +L2 and making use of results similar to those derived above, it can

be shown without much difficulty that L* also commutes with both p?and V and hence with H .
This proves everything we wanted to.

Constructing the spherical harmonics the easy way

Here is an easy way to construct the spherical harmonics Y," (6, ¢) = ( 6 @, m)without having to

solve a complicated differential equation. Begin from the observation that the highest spherical
harmonic Y,I in a multiplet is annihilated by the raising operator L, and is also an eigenstate of

L, with eigenvalue 17:

LY'=0 and LY'=aly, (8)



Using the fact that L, = —ihai, the latter equation in (8) becomes the differential equation
@

-2V 0.0 =100
@

which is easily solved by separation of variables to yield Y,' (8, ¢) = y(e"?. On using the

differential representation of L, (see Griffiths Eqn.[4.130]), the first equation in (8) can be recast as
the differential equation

(o . 9 dy
he| —+icotd— |Y' (6,9 =0 or —Z-lcot & =0
[ae agoj (6.9 de ¥

whose solution is easily seen to be y =sin' 8. Thus we have that Y,' (6,¢) = N, sin' 6"?, where

N, is a normalization constant (that depends on |). You can easily work out the constant for small

| by requiring that the spherical harmonic be normalized over the unit sphere. You can then work
out all the other harmonics in the same multiplet by repeatedly applying the lowering operator to
the topmost harmonic. The basic relation you need is

LY,™ = I(I +1) -m(m -1)Y,""*

which, upon use of the differential representation of L_(see Griffiths Eqn.[4.130]), becomes

—e_iw(:_e‘i Coté’%j\(lm(a @) =JI(I +1) -m(m -1)Y,"*(6,9)

With m =1 the above relation will allow you to calculate Y, from Y,' and then you can iterate the
procedure to go downwards.

Exercise: Use this procedure to calculate all the spherical harmonics for | =1, 2 by first fixing the

highest harmonic and then using the lowering operator to proceed downwards. Check your
answers against those given in Table 4.2 of Griffiths. Note: you could also have first calculated

Yl_I and then used the raising operator to proceed upwards.

Differential equations for the spherical harmonics

I show how one makes the transistion from the eigenvalue equation (8) to the differential equation
(9), from which you can also appreciate the analogous transition for the equation for L*. First note

the result <x| ﬁx|¢/> = —ihai(//(x) , which can be proved as follows:
X



(x|BJ)= (x| (Jom. PP

., 0 .. 0 .. 0
=-in 2 fop, x/p.) (0.} =300 (sl =02 o)

t//>= [do, 0, (X p,)(p,|¥)

The explanation of the above manipulations is as follows: in the second step we inserted the
completeness relation for the x-component momentum eigenstates, in the third step we replaced

the operator p, by its eigenvalue p,, in the fourth step we used the fact that

ool Lo =in Lol o] = in 2
b {x(p.) = p,exo| 3 pox | =in 2o 1 pux | = ih 2 (x/,)

and in the fifth step we “folded back” the completeness relation to the identity operator.

With this in hand, we can show that

(xy.z|L @)= (% y.2[%, = 98.@) =x(x,y.2[p,|¢) -y (x..2[p,|¢)

(-2 |-y 2 otan) o 2 ot 0 o

where we switched to spherical coordinates in the last step, with the quantity in brackets being the
differential operator form of L, in the coordinate representation. Now take the eigenvalue equation

L, |1,m)=#m|l,m)and project it onto the coordinate representation to get

(r.6,¢L,|l,m)=rm(r, 8 @l,m). Define (r,8,¢|l,m)=R(r)Y," (6,9) i.e., a product of radial and

angular functions. On using (10) to reexpress the left side and canceling off the radial function
R(r), we obtain the general form of the differential equation (9) for an arbitrary spherical harmonic

"



