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Abstract

This project is concerned with theathematicalreconstructionproblem of
identifying the unknown conductivity (diffusion) coefficient in an elliptic equation, give
full or partial measurements of tirichlet to Neumann mg on the boundary. This a
nonlinearproblem. The potential is calculated by extending the boundary data into the
domain. We consider both harmonic and 4mammonic extensions. A basis using
sinusoids in the angular direction and polynomials in the radial direction is used to for
expressing the extensions. The inner products of the gradierite dfarmonicbasis
functions then act as the basis set for expanding the conductikéynumerical éstsof
convergence in the expansion is studied as the numliiasdaf functionss increasedfor

the problem on the unit disk in two dimensions
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Executive Summary

This project is concerned with the mathematical reconstruction problem of
identifying the unknown conductivity (diffusion) coefficient in an elliptic equation, given
full or partial measurements of the Dirichlet to Neumann map on the boundary. This is a
nonlinear problem. The potential is calculated by extending the boundary datheinto t
domain. We consider both harmonic and 4mamnmonic extensions. A basis using
sinusoids in the angular direction and polynomials in the radial direction is used to for
expressing the extensions. The inner products of the gradients of the harmonic basis
functions then act as the basis set for expanding the conductivity. The numerical tests of
convergence in the expansion is studied as the number of basis functions is increased, for

the problem on the unit disk in two dimensions.
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CHAPTER 1: Introduction

This projet is concerned with the mathematical reconstruction problem of
identifying the unknown conductivity (diffusion) coefficient in an elliptic equation, given
full or partial measurements of the Dirichlet to Neumann map on the boundary. This is a
nonlinear poblem. The potential is calculated by extending the boundary data into the
domain. We consider both harmonic and 4mamnmonic extensions. A basis using
sinusoids in the angular direction and polynomials in the radial direction is used to for
expressing theextensions. The inner products of the gradients of the harmonic basis
functions then act as the basis set for expanding the conductivity. The numerical tests of
convergence in the expansion is studied as the number of basis functions is increased, for
theproblem on the unit disk in two dimensions.

Since the coefficient can be treated as conductivity, the reconstruction problem is
relevant toelectrical impedance tomography (ElT)he partial differential equations
used in modelling the conducting objece detailed by L. Borcéa In this project, we
work with a simplified form of the complete system of equations she descied.
restrict the problem to the unit disk and esatinuous boundargiata This is equivalent

to the case in whicthere are no gmbetweerelectrodes.

The PDE problem that we anemericallysolving here is:

£ 0 - oony , Whereo v "G Y
0= 0; On H
Our main focus is on how to obtajngiventhe mapo,: , H0S,. To estimate

it, we have to first obtain the discretized Dirichlet to Neumann,lﬂathrouw a weak
formulation.It maps boundary voltages to currelﬂﬁé8 =, % . We obtain a weak form

by multiplying the first equation with a test functionn "G Y , and applying
theorem:

0= _,N¢,n0 bQo= o gy o ng,no 0o 2,

v Y ”
n is a unit vector normal tey .
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We now consider a discretization for the m#pFor theunit disk domainY = D 0,1 ),
we apply Galerkin discretization and search fop M (O T Y . @, is a finite
dimensional sulgsace of G Y . The subscript)Q captures how fine a partitioning of
'3 Y , when makingoy, is. Becaus® =, -dlOof1 Uqd | .-dl Ofn U the
Dirichlet to Neumann map is
Jbaba =y Gt Ui
Here,, «is theis an approximation of so thatd-,can be computed inside.

We hope to use a discrete versiog, to estimate, - and to obtain extensions of
boundary data into the interior domain. As we shall see, rtfap is not generally
invertible in terms of finding-q or .o In addition it is nonlinear ioth 6. and, o So,
we follow an iterative scheme in which we make an initial guess,that = 1. This
gives a harmonic solutior, as the extension ad-o given onHY . With this harmonic
extension, we calculate a nesenductivity, o . This will be an improved guess, in
which information from the boundary condition is incorporated.

From the above definition dfq we ca construct a matrix that gives the trace of
O0-oon the boundaryin order to extend,, we are faced with the problem that this matrix
used to obtain the trace is not necessarily invertible. When constrogjinge employ a
method of minimizaon with Lagrange multipliers. We make the resultintatrix
injective, by only admitting the set of functioms™@ Y with average zero ofY, i.e.
by excluding the constant function from this.set

Having 0., we can then estimate, When appoximating ,-q we apply a
perturbation tdinearize to the partial differential equation becauseithe nonlinearThe
linearization was described by Caldetofhis gives us an iterative methdecause the

linearization entails a hierarchical exgam of the conductivitySo, we have:
, 1 ‘ _ 1 ’ LY PR 1 —
o ‘||Q Oqlq =,¢wa 10of U, oo =1
2 ., . _ 1+ , \ s _ -
Ao 00l = g 00lq + .. dloe# 0E) o= 0on Y

v Abota =y n0af0d® /6@ b= | 6000
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The recovered conductivitys ,g Note that from the above equationsye
effectively fix the value of, g on the boundary since theltages and currents on the
electrodes are assumed to be known.

To solvefor , g, we will look at two methods. One way is to determine the true

size of the space far, and appropriately match this the finite element space we search

for ,r In order to obtain an injective map fdirl . With this method, oa adequately

limits the number of eigenfunctions that participate in the expansipp. diere, there is

more freedom in choosing the number of eigenfunctions that participate in the expansion
of ,r. The other way is t@rbitrarily specify the basifunctions to use. Both methods
solvealeag squares minimization problem.

We check for the validity of our method by employing known functions whose
values are known on the boundary. These functions are expressed using our chosen basis
set of eigenfunctionsAlso the conductivity is specified and we try to see how well the
first method recovers ds the chosen space of eigenfunctiomeaoslified
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CHAPTER 2: How to Determine 041 by extending the
boundary data, || s

For the problem on the unit disk, k&t be the unit disk, and let us assume a

continuous current on the boundary. Assume theexpansion of the conductiviiy:
wool.] = BoBYy Qb eos @+ Qg %in Q- .
A Galerkin discretization employs a finite dimensional space to expggsss:

Ogp 1, = B BY, (gifos Q—+ Gl ¥sin '@ N ¢y O'C .
Therear€2 0 1 U basis functions involved in this expansiorogf, (see%u andl
below). The lower limits for the frequencies and the powers were restricted to 1 in order
to sure thaty; O 0" m, and to work with dis@te harmonic functions with mean zero.
This will makethe stiffness matrix fod;; injective

%y = 1 9c0Ss 'Q— %y = G 1cos Q1. Q% 1sin '@

Let: . . ~_ ,then we have: “n 1 e s o .

[ = 19sin Q— [ = a%1sin @I, + Q% ! cos '@,
Using trigonometric formulas, we obtain the following expressions for gradient dot
products:

p Youy @ ouy = %oa *a2 cos Q Q—+cos O Q—
I’p
e + %TXD“"“ 2 cos Q@ Q— cos OrQ—
1P
P Yoy [ =@ *42 sin o+ 0— sin Q 0—

) Lz o . ~ ~ . < < '
:'; Emw” sin Q Q—+sin &+ Q—

(4
(4
94
w

o [ w= %oo( a2 cos Q Q— cos O+ Q—
+ %TXD“’*“‘ 2 cos © QO—+cos O+ Q—
We leave out displaying the expression forq ¢ % Since it is taken care of by

%uy @ [ @ through symmetry. Here, the trigonometric identities employed in the above

gradient dot products were:

v»COS "Q—cos '@ = % cos O+ Q—+cos Q Q—
1P

-,Cos "Q—sin '@ = % sin +Q— sin Q Q— .
Iupsin "Q—sin '@ = i cos Q Q— cos O+ Q—
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For each of the dot products we the get the following
%oy @ %y = G %1cos Q—"1, Q%lsin Q-1 ¢ a%lcos @1, QY sin Q-
%ap® [ @= 091sin Q1 + Q%1cos -1, ¢ d%lcos @1, Q% Isin Q-
[ @@ [ @= 69sin Q1+ Q%1cos Q—"1; ¢ d%1sin Q1 + @% 1 cos Q-

“l; and’l; are components of a unit normal vector on the boundary.

Let:
%un Yoy (511 ANEET & =0
%oy # [ CE1TANEET € [ yca.
[ [ a0l ANEET & Poug
In order toconstruct the Neumann matrix associated withyo 0y # Ugp g note
that one can see that:

o 055 # Ugp = BiayBEy G %t G [ 1w # BoiBay O %t O [
B%1Bs1Bo1Be Gu %uwt G [ o # Qg %t G [ o

5 = B¢ B B,BL, “0%m Mmf Yt Gl af %o
v e T o0 [ wf [ wt OoWe % [ w
O, U D
as the sum of dot products of gradients of basis funct’loﬁ‘s for 655 and
(GO e SN
%oy 6D

i for Uy respectively. To represent each combination in the dot products
[ 1621

define the following integrals:

“ 1. .. . -
v tE 56 o 2 cos 'O Q—+cos O+ Q— +
:,:%&glz i “cos Q- 1 (oRNe]
(Y 00 ETCD“*“"‘ 2 cos TQ TQ— cos TQ'" TQ—
I’p “ 1 s ~ ~ ~ ~
e L2 o E(‘ﬁ *a2 cos Q Q—+cos rQ— +
o= 1SN g Q+a
' 00 ETXD"”’ 2 cos Q@ Q— cos Or Q—
v .‘ 1o o .
e vE E(‘ﬁ *a2 gin O Q— sin Q Q—
ol = 1%os@- 4 +a
i 00 ETXD“"”"‘ 2.sin Q Q—+sin O+ 'Q—
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“ 1.... . o
v tE >0 e 2 sin »+Q— sin Q 00—
g i %in Q- 7 +a
00 E*mf” 2 sin Q Q—+sin T+ Q—
u 1. .. . .
" w 12 S *%2 cos @ Q— cos Or0— +

w, _ R 7 P )

P = 1 %cos™@ 9 o - o+a
o 00 5 e 2 cos Q Q—+cos O Q—
gy u 1. .. . o .
et ) Eéd“*“ 2 cos Q Q— cos ™+Q— +
o Feagar i %in Q- 7 +Q
o 00 ETXD“’*“ cos Q Q—+cos O+ Q—

These equations are further simplified below by applying the orthogonality of sinusoids

at different frequencies.

1. ...
I'I’ Jo— [ _C‘I‘iOH-OKZ -77+ s R~ T +
o & > liee* 1, o0
_,—*;‘TQ— T —
Il’m G 0+ Q ETmmaz'].TT 1 o
v 2 e 1o
Mp_i m_
rp W 0
I'p (3(;9: 0
v

1. ... .

“ — P2 1 SigNTQ O o
Crll i Jm_ 2 -]J, *Q g ]J, 00
S 'rm'rm— "g} ‘ ‘ 1
[l a+ o TR 2 o Y Y -
p Zm sign Q. Mjq0* 1 o0
I'p 1....
> - “ —ﬁwaz I Ry ) PR +
¥ F"d)’m_ 2 liee lj,oq
'Y Fargy — o< = o
@ " 1. ..

p G a+ a E-mmaz Yioa* ) o0
o m_
v Faye ~

The superscripts (c) and (s) denote integratlk wosine and sine respectively. The Dirac

deltas are used to reflect the orthogonality of the sinusoids at different frequencies. Also

note the use of the absolute value to indicate that the integration results for the cosine

terms do not depend on thigrs of the difference betweéfand™Q The even property of

the cosine function makes this so.

Now we sum out the indices,”andQ
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I _ , o’ . i m
oy Q(D_"Qfm + Qﬂ_‘n‘f@
I’y @0 a0 @0 @0
Cr 0 O 0 O
, oM . i m
ool e = Qg * | ot
v &0 @0 &0 @0
p U e) 0O O
» _ , & . i m
'Y P = QoFam * QnFa
w &0 @0 @oao

There possible schemes by which the matrices can be ordered during coding. Wé fix the
anddindices at a go while varying ti@andQindices. This creates the suimtrices in

the'Qand™Qindices. The following annotatedatmix provides an illustration.

a= 1,6=1 a= 2 8a=0
=101 E =100 =101 E =100
& é E é é E é &
se 2 A0=0,0=1 E 0=0,0=0 =0,0=1 E O=0,/0=0 =
A 0=10=1 E =100 =101 E =100 &
é E é é E é
d 0=0,0=1 E O=0,0=0 =0,0=1 E 0=06,/0=0 O
8a=10

We are now ready to construct tte#fnessmatrix associated with
w06 Osp £ Ugp (oas:

L= ”=Y I

Where the entries and thelumowns are ordered using the scheme described above.
From now on, we will use the same letters to represent the functions and their lists

of expansion coefficientsTherefore, the integral iSYYL™, where

gy ggo‘fl" , Qg gio‘flu are thecoefficiententries of Y.

Next, we need to incorporate the Dirichlet boundary condition. Imposing the condition
thatogy; 1] = "Qp [ ., we use the facttha®; [ is independst ofi .

6 o

Ippuu i, = Gl 9c0s "Q— + Gyl ¥sin 'Q— ;

Uy 5% %= G
oo L= (3 COS Q— + G sin 'Q— N 1

::z (i:l =1 '\,*QSQ: (:h(
P "Qy [ = gheos -+ gisin Q- o=

u o1
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These give usxtra equations to use to augment the stiffness m&trikp do this, notice
that theQindex is fixed while théxindex is summed out in the expsions foig,andg,

To do this summation in matrix form, we create a new magix, as:

~0=1 a=2 a=0 a=1 a=2 a=0 1

w koo koo 8k . 0 0 o -
_ Y: ' U XU D XU L XU K
r 0 0 0 If’)xij If')><l’5 8 lf’)xti o

u 01 "@QNG o "YEQNW o ¥,

0'MQ K5 QMO x § "OEFAG 0 'DEQO TN 'AREA & U X
0 QA€ a0 @
In addition, we reconsider the equaspn

0= ¢V &,5d055 Vss W=y ,u5d0sp E055 @ o NE s 055 Vgp Ay
with o, 58t 0 B0 L= o YLy, nry NE w5 0pp Ugp Qo= o 5 A, andw="Y.
The arrangement of entries follows the arrangement chosen for the rowk af that
ais fixed whileQis varied to match the rows Kf Here, we are using a minimization

method with Lagrange multipliers,

. , L =
After augmentingk, wecan creatéhe following system: .y 6 .
r T
The first part,if +3 = , accounts for the equatinrpﬂrl @ 580055 ULgp Qo=

T _

0"@m The second pars; 5 = 7, incorporates the boundary conditiogs® s the
l

¢ &0

diagonal matrix3¢hQ 359 .(TheQ@Q  command in MATLAB inserts entries
Q1

of a vector into the diagonal of a matrix. It is used here to represent that probess).

size ofsr is20 x 200 , and the size of i is20 x 20. Note that for a harmonic
solution,+ @ T jsalso a matrixontainingtwo diagonal matrices. Thentriesare
ABQ G 147 0

made up of S
P 0 GO Gy 37

. Whenog; is not harmonics

becomes @ombination of harmonic and ndrarmonic partand the coefficient matrix

will no longer be diagonalt will contain off-diagonal entries.
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CHAPTER 3: How to Determine | sx u:

Theentries of thematrix, {,; 25 , are obtained frorthe entries of= Y=, L
contans the valudor the integrabf each eigenfunction involved in creat'HHgThe
subscript20 x 20 , refeisto the sze of the resulting matrix_et us get a heuristic for
computingthis form of-||25 o after computingJ. We recall he system derived in the

later part of chapter 2 and use it teesgoress||g <2 -

L__ .
LJ|+'IF =
T =T
L — . H_ — L 1__
'Y&L—lr_ L) =|:-IT_ L"Yﬂ__rl 1 [ ] L 1 YL 1 1
F iy =8 = Fig W= Ll i 1
YL — L 1 __"Y|L 1__ 1 “YIL IL 1— _—"Y|L 1__ 1
-||20X26_ T LT = L T ar L ar T L L T ar L ar T

Making = s <05 causes cancellations to occur due to the fatltbeing symmetric

implies thatlt * and will also be symmetricWe have:

— L 1__ _"Y|L 1_ 1 “YIL IL 1_— __“Y|L 1__ 1
2o <20 = L& T T L& T lha L L“__ T i tho L
- 1 Y 1__ 1 °Y_ __"YIL 1__ 1 T B 1
I = le_[ T 1r"Y“__ T 1r"Y“__ T ' W‘*m
= T T OOOT T or T aNAONGMA GEiNETQ
I'p GEQOI QEMI ¢ & ‘D el 1
> — YL 1_ 1 _°YL 1_— _"YLL 1_ 1 YOS5 e
v =7 L i b ¢ _ o 1Qdieeran
v = k1 1 Cooi "B NETEEB O

If "Qis not the identity matrix, it will appear in the formula. To modify the formudde

that:

Teoxzs =0 7' P sy w0
Sinceq is diagonal, applying commutation @ with 20 x 20 matricesafterrepeating
the above simplifications, we get:

osx2s = 7 & ' 92
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CHAPTER 4: Howto gety »

We have two ways tdetermine, . Let, 5oi,d have the form,
ool d = BY  BY, Qg os @+ Qg %in Q- ,
where, yois the truncated expansion,of

To obtain, 55 », is expanded using orthogor@dlynomials in bhe radial direction
and sinusoids in the angular direction. Then the coefficients from each polynomial are
rearranged to represent the expansion intheonont hogonal basis used in
discussion.

If you linearize for,50 1+ ,50= ., there is a relationship between the entries
in the coefficient matrixLt, and thevector of, 0 soefficients 4 = ™Y .25 . Yo x26 iS
-||2l5 x5 unfolded into a column vector arrayhe first method we can use isrt@ake sure
that we have the same number of unknowns fas the number of equations fof; x o -

First,notethatwhenp =1, our PDE problem becomes the Lap
Yo=0"@Ll
0 ="001 L]
A linear combination of harmoniahctions solvethis equation. Using polar coordinates

on the unit disk, we express the solution as:

H

co = 1QGdE -+ e -
&0

(WY b

PO= Gkl Q-+ @@ R

w &0

Here, 0 is the harmonic extension 6f2 Notice that the eigenfunctions involved are:
1, c&i i@ - P,

In linearizing thediscreteDirichlet to Neumann map, usingo 1+ , 50 We get:

, 1 , \ _ , C A
% osx25 060,056 = noo' 105 EL055 A, w0t = 1EE L
I’ Y

2 , \ _ 1 , . , o  Aiim
ip {26 w26 056 055 = Al2x26 050 V55 + 0 0pp B0gp o, ,p=0EETY

Y
v . \ _ , C e , © e 2 , .
. {2626 056 Vg5 = »9d0pp E1055 A 1055 EL0s5 D= |5 2506 » Vg o
Y Y

Let:
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%uy = COS Q— gy = 1 %cos Q—
[ @=sSin @ Q =1%in Q'
where%g, andl - are basis functions in the expansions'tor
We useéOQgy, andQ -+, to represent the extensionsag, andl . Recall that:
Oy & (1) %= A% 1cos 1, Q% 1sin Qg ¢ 6% cos "1, Q% Lsin QI4
b & (1) = A% cosQ"1, Q9 1sin Q15 ¢ d%sin Q1 + 0% L cos Q14
O @ 1) = G%Isin &1, + Q% 1cos @14 ¢ a % sin @1, + %1 cos Ql4
“l; and’l; are components of a unit normal vector on the boundary.
After setting'Q= dtandQ= ¢ for the harmonic cas®ye useQ(1) % and'Q(1)[ - to
represent the harmonic extension$sgf andr . Replac&xwith ‘Qandawith Qin the
above inner product3hen factor them to get:
(1) % A1) %= T 2L cos' @1, sin "1y € cos &1, sin &Iy
(1) %@ (1) o= 2L cos' @1, sin @&l & sin ‘&1, + cos Q&"14
L) of AU o= 2L sin @1, + cos @I & sin 'G—"I, + cos '&"I4
- O(1) % A1) %= T > 2 cos Q-cos Q-+ sin Q—sin -
O %ng O(L) o= "H>?22 cosQ@-sin @ sin @—cos @
u (L) of OL) o= K22 sin 'G—sin "G + cos G—cos G-
After applying the sum and difference trigonometric identities, we obtain:

o (1) %o AL %= "*22 cos 0 00—

1P
o OD¥mf ALY o="CTE2 sin @ 0—
O nf (L) o= W22 cos @ 0—

As mentioned earliefirst method for finding, -y is to match the number of
unknowns to the number of equatiohattinvolve eigenfunctions used to creagg . To
accomplish this, we, first, apply the symmetry obtained from harmonic solutions to
remove all linear dependence among the eigenfunctions. Then we {o@satisfy the

unit boundary condition.
Recall thaf'Q is the boundary data. This means that its basis should coincide with

the basis used to describe the voltage distribution on the boundary electrode(s). Since

0y Is theharmonicextension ofQ , the number of eigenfunctionsrfo;; is controlled
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by the number foiQ . So we can deduce the number of eigenfunctions for expanding
055 by studying the size of the subspace that genei@teghis then determines the
number of equations involved in creating timgries of the|,s <25 Matrix along with the
number of basis functions for expanding

Let@ "Q Q with (' >22="Q0Q+ @722, Letcy,be the space from
which the boundary electrode voltage distribatie generated. Givenyy, =
inGE cos @—,sin Q- 1, ,, we define the space foreating|,; «»; as:

Ly = iNGE O1 %t O1[ %l o Wy

oy ey \ N ( 5, \ N G- 5, ﬁTQﬁl
=inE 129217 %0s'@-,i2 21+ %jn g ,

&1 “go

We obtain the above limits by observing that 'Q fandl "Q 1 imply
that the maximum value fd@s 1} 1. (Note that we exclude@Q= 0 because we are
neither including the zero funot nor functions with unbounded gradients on the unit
disk when we seleénand; ). One might guess that the minimum should. ben).
However, sinusoids with the same absolute frequency value are linearly dependent. So,

we restricf@o bepositive:rj 1 '@ 0. Combining this restriction with the definition
that'@ "Q "Q then results in the above limits in the definitiontof.
By constructionQQ @, = 2r) and we may heuristically expect
Q14 =2n+1
That B, we might think there argpowers an@n + 1 sinusoids combined to spag.
Again, this is not correct because of the terms frdl %«f O 1 [ wthat are linearly

dependent. Studying the enumeration of the basisfanore closelyne should realize

12 - . 12 .\ - .
that there ar@z— + 5 cases containing cosine, a%rd+ >cases containing sine. We then

remove thej cases containingin 0 from the sum of all the number of cases to get a

total offi? basis functions. Piorially, what happened in the count was:
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v Q= r~| é? .
r'e o e E . o
I'p oy 2] &e E &
K YU B & ~
4 oy é & & & &
M Yy = P P 22 2R A
'y ~ é &E & & & -
1P v, 5 5 ,
p =1 Qo 0 Qn 14
L
v o 2 2 o
'p
:: =1 &
P oy 2 f)’
'y ~ é P

~ U ’e" FY
N ~ 2 Y
l,l’ ~ 2 A
I,I’ ("‘Y e &
e =1 Q0
v ,
v o dl o
v 5 )
I’ =n &
I’I’ & é 5 A &y
v A é &t E A
e x v & @ 8 o
:: + g é & & & ~
r ~ é &E & & & =
I’y (YTQ= 1 ,Q 0 o ,Q r!] 1(':‘\,
£ 72 J4
(g n? . n
w o 2 2 o

Because we fixed the value p§ on the boundary, we cannot assigto the dimension
of the space used to cregte We need to refine it further by enforcing the boundary
condition on, . Look agan at the formula foy - and notice that:
oy i,d = BU—n 1Bn Q%z Q1 +0Q0s 0= + B"’QT 1Bn QQﬂz Q1 + gy "o
, = 1G6EQ, =0881Y
This implies that we get the following constraints:

., he
0= Quforl QR 0
'y el
r 770
l\l,l = Qq, for = 0
el
'y n
o= @ forl QA 0
w el

The constraints provide2r] 1 equations. We subtract this number frgfto give the

dimensiondQ 140 = N 1 2 for the space used to expand To formt 7.0, We
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select 1} 1 2 eigenfunctions fronn ;. Usingl as thenumber of basis functions for
"Q,weser)=0 =0 + 1. This means that we will hayeexpanded as:
oy i.d = BELABY 90291+ %c0s - + BYL 1BY Pqp2 0t +%in g
0 1 ?isthe number of basis functions required to make the map,fam™Y; s

injective

Now we can start constructing the stiffness matrix for determiping\s usual,
we proceed from the definition 8¥with Q= ¢ Q= ¢ and'@ Q Q. (Note thaf@s
not the same index &used in expandingy). In order toconstruct the matrix associated
we follow the method outlined in chapter 2. Note that one can see that:

2 0¢ 0= By Oy %unt G [ ¢ By oo %unt Go [ o

) = BL,,BY, (xn %unt Qo [ o ¢Wm%m+0’mf
o _ g gl ko %ang %uot Qoo [ wf %o
- =1

v} FLTEL + Qg [ 'cf [ ot Qaldse %wof [
%m ™0 )
as the sum of dot products of gradients of basistions " for 055 and
™1
%mh:l’j . ¥ v v 7 3 ¥ ¥ 3 %,
forvgg.LetQ @2Q 1 +Q 20 Q1 +20 Q 2. To
[ doey

represent the suimatrices obtained from each combination in the dot prediefine the

following integrals:

“ 1. o -
v tE > Q2 cos QO Q—+cos O Q— +
o= i%os@- | oiq
v 00 5 W22 cos ' Q— cos O O—
|:v 1. ) ) ) )
Ly e 2(@9*92 cos Q Q—+cos O+ Q— +
Saa = 1%ine- ] +a
v 00 ZTXD @02 c0s @ Q— cos Or Q—
L .‘ 1o - o I
e tE 0y @02 gin OrQ— sin Q 00—
" o i ®os Q- 7 o+q
v, 00 §~§~XD7‘} 22 gin Q Q—+sin O+ Q—
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“ 1. o o
v tE > W02 5in orQ— sin Q Q—
Plgg = i%in@ 7 Q+a
00 me““ sin Q Q—+sin O+ Q—
I’P 1 B B B ~
v 3 W22 cos 0 QO— cos Or Q— +
CFOP= i%os - Q+Q
rp' 90 1. i~ Ty
o 00 sz“” cos Q Q—+cos O Q—
v 1, - -
e tE .3 W22 cos 0 O— cos Or Q— +
Fge = 1%ne- 7 Q+a
i 00 ZEXDQ*'QZ cos Q Q—+cos O+ Q—

These equations are further piified below by applying the orthogonality of sinusoids

at different frequencies.

v «
v 5,
T_®

[P g

p de "
trll o™= 0

'y “

vl ! a_
I’y

4

P &m
Mon T g or
IP
'y

a_
U’F’glm =0

w - g g

1.
Emggz ]j~Q +]]QFQ +

ETm @2 lijao 1j o7

Lm0z ) Ly s D1
%?nnb ?2sign @ Qg0+ 00
;mggz ljaae ljoea ¥
;mﬁmz lioat oo

The superscripts (c) and (s) denote integrals with cosine and sine respectively. Now,

return and replac@vith 2 'Q 1 + "On the righthand expressions. Then, repld@eith

“(as an index in the leftand side of each of the above equations.

Below is a scheme by which suatrices can be ordered during coding. While

going along a row, we fix th€ndex at a go while varying tfi@ndex. While going

along a column, wéix the "Qindex at a go while varying thi@index. The following

annotated matrix provides an illustration
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=1"xo0 1 80 1
=1, 1 |i; =120 Q0 =11 E =120 Q
& é E é é E é &
o A0=0,F1 E O=0,0 0 0,01 E 20,0 Q=
A =11 E =10 Q0 =101 E =10 Qg
é E é é E é
d =0, x1 E Q=0,0 Q 0O=0,x1 E 0C=0,0 QO
80=0 O£ BONG O
=11 2 80 1
=1, 1 E =10 Q0 =101 E =10 0
v é E é é E é Y
o A00,F1 E =00 0 =01 E 20,0 0=~
A =11 ﬁ: =10 0 =101 E =10 Qg
é E é é E é
¢ =01 E O=0,0 0 O=0,1 E O=0,0 Qo0
80=10 "YOORE 0

Unfold the arrays so th&andQvary along the rows, and ha®andQvary down the
columns. Also, let=1¢ be the unfolded matrix whenQ(1) %ng O(1) %y, combines with
the cosine parof . Let | 1®be the unfolded matrix whei(1) %ng ‘(1)
combines with the cosine part o§. Let || 2° be the unfolded matrix wheriO(1)[
‘(1) % combines with the cosine part gf,. Let |=1‘5 be the unfolded matrix when
(1) of (1) wcombines with the cosine part,of. Let=1' be the unfolded
matrix when ‘O(1)%xn# ‘O(1) %y, combines with the sine part pf. Let || 11 be the
unfolded matrix whenQ(1) %n¢ (1) combines with the sine part pf. Let ||2i be
the unfolded matrix when'Q(1)[ «# ‘O(1)%xncombines with the sine part pf. Let
|=1i be the unfolded matrix whenOQ(1)[ ¢ ‘O(1)[ ncombines with the sine part of.

We are now ready to construct the stiffness matrix associategmwi-th Opp & Uyp o

as:
=10 =i
L- [1© 2!
- 200 2i ’
A

Where the entries antié unknowns are ordered using the scheme described above.
Next, we need to remove the constant term and incorporate the zero boundary condition.

Imposing the conditions that 1,— = 0 and,v 1,— = 1, we use the fact that, 1,—

is indepedent ofi .

Page21



5 10 Q 6 10 Q

I’l,” Y ‘l y— = '%2 a1l +TQCOS TQ— + '%2 el +7QSiI’I TQ—
@0 el @1 el
(WY 5 10 0 5 10 0
by 1,—= QuLos Q- + ysin -
w @0 el &1 el
0 Q
' , . . o
>0 = Qq forl Q U Q
v =%\
'’y 5 Q
i = Qn, for = 0
I’y Qlﬂ
p v Q
I'fo = Q,forl Q0 Q
w ol

These give us extra equations to use to augment the stiffness, iKairo do this, notice
that theTndex is fixed while théindex is summed out in the last two expressions. We

A

will do this summation in matrix format. Define the vector, ; o= 1,8 ,1, of oneods

repeatedd "Qimes. Then create a new matrx Y, as:

+ Y
—
— Y=
r 'IF gy
r
0 1 8 &0 1I,I
v
11ix 6 Q 8 M
_ (I)"Y_ :: 1x § 0 |:|
il - = "
11 E K
11l 1Ix 0 Q1
u BE1 QNG v,

™1 2 8 U 1,

(% I

11ix 0 Q 8 M
v b5 :
r - o "

11 E 1

1] 1x 0 Q1

u "YEQNA o v

Next, weaugmentl: with 57 Y,
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We obtain the following constrained least squares system:

¢ 0 3
0

The first part,kt = ™Y ., , accouts forwm,, v Opp € Usp Q'@ m The second part,

F = é , incorporates the boundary conditions enforced ypon

For the least squares method, replace the limitgoé Quith arbitrary limits,0
and"OFor examplelet such thatG= U and U= 0 1. Then, for those chosen limits,

represent -y as:

6 0 1 6 0 1
oy L, d = Op cos™@>"0GFQ 0 Q + FENE-QF Q0 Q
@1 @0 @1 @0
where,
eansa= oo 2022
1"@1Q 0 Q Q
and

Qp= Q@ Q 0 Q
Q= FREQ 6 Q

Here,Q " "Q 0O "Q is used to select the coefficient indices we want to use in

expanding, . For the case wheih 'Q= (), below is ascheme by which suimatrices can
be ordered during coding. While going along a row, we fiXd@nelex at a go while
varying the Qndex. While going along a column, we fix tfi@index at a go while
varying heQindex. If one does the specified integrals foand replace@vith 2 "Q

1 + "Qn the righthand formulas, but rabels the lefthand index a§the following

annotated matrix provides an illustration for how to arrange entries.

=1¢1 =1 80
=10 E =10 1 010 E =10 1
ﬁ é E 8 é E é &
0o OGO E VOl 1 =00 E VOGO 1
a0 E =10 1 =10 E =10 1 4
é E é é E é
¥ 20,0 E =020 1 0200 E =00 10
870=0 &1 @O 0
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=11 ‘1 8 x0

=1, 1 |i; =10 1 =1, 1 E =10 1
& é E é é E é &
o o A0=0,r1 E =00 1 =01 E Q=0,/x0 1 =%
A =11 E =120 1 =11 E =10 1 &
é E é é E é
d =0,/ x1 E Q=060 1 =01 E =00 10
8 =0 YOO 0

We are now ready to construct the stiffness matrix associategmwi{h 055 & Usp

as before, buthe entries and the unknowns are ordered using the scheme described
above.We alsoneed to incorporate the zero boundary condition. Imposing the condition

that, 1,— = 0, we use the fact that, 1,— is independent df.
) 6 10 6 10
:f},, yi,—= Qo Cos Q- + Q) Sin -
@0 el @1 el
Cr 6 10 610
by 1,— = QnLos Q- + @sin Q-
w @O0 el @1 el
) o
0= Opforl Q0 Q
v gl
r'r o
I‘1,1 = Qq, for = 0
o el
I-’IJ 6
o= @, forl Q0 1
w a1l

These give us extra equations to use to augment the stiffness Kafroxdo this, notice
that the'Qndex is fixed while thé&index issummed out in the last two expressions. We
will do this summation in matrix format. However, we are going t&cisst and varyQ
Define the matrix;Q) ; « y 1 as the identity matrix of siz&) 1 x 0 1 .Let

LQ, . be a modificdon of & .; such that every column after thé  "Cth column is

zero. Then create a new matsgx, ", as:
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1 2 8 &*xo

_ov_ E%a E%as 8 E%
™ " o0 0 0
01" @0ONW O
N @1 @2 8 E0 i
.o 0 8 0
T TE% 1xo 1 5% 1x0 1 L 1x5 10
u YN o ¥
Spy Plot of W transpose (N=8)
0 T T T T T
° o ° ° ° ° ° °
2re ° ° ° ° ° ° .
° ° ° ° ° °
4~ @ ° ° ° ° .
° ° ° °
6 ® ° ° .
° ° Cosine part
8- L -
° P o o o o o
10l First diagonal matrix when j = 0 . o o o o o i
° ° ° ° °
12+ e | o o o -
o o o
14 First diagonal matrix when j = 1/ ° ° \ -
b Sine part
16 L L L L L
0 20 40 60 80 100

nz = 64

We obtain the following constrained least squares system:

R S
T Y 0 3
0

The first part,Lt = "Ya, 1, accounts for the equation, Q) ¢ ¢ oMe = { 4, 4 & V.

1 , incorporates the boundary conditions enforced ypand

The second pargs 14 = 0

» Y-
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CHAPTER 5: Demonstrations of the Method for recovering
n'Y l ’.[

The ability to recovey zoboth depends on how detailed the boundary data is and
on the selection of the stdpace used in expanding. Notice that thespace for th
boundary datéimits the dimension of ; = ifGE 'O 1 %t O 11 %nl oM Wy -
This in turn limits selection of the stdpace used in expanding if one wants to
guarantee a unique solution. As had been preiyalemonstrated, when the number of
basis functions used to describlis truncatedo dimensiorm) = 0. This truncated
version is'Q . Thedimensionof L ; will also reflect this truncatioasri’. Seeking a
restriction that guarantees a urggsplution for, -, then givesry 1 2 after, 0 s
boundary conditiogare included as constrainta.order words, we pretend that the true
»6olS »y and that it lives in a sugpace of ;. However, if the complete expansion oéth
true, yjohas components orthogonal to the selecteespabbe, these components will not
be represented in the expansion @f This problem will preventhe expansion af
from perfectly representing;g Likewise, for the same rsan,, somight not necessarily
be a good representation,ofAnother problem imecovering, v is when the rangefor
the powers andhefrequencies used for the recovangtoo large (Recall the range used
in the recovery is described as thage for@ith™Q@ @@ 2 Q 1 +Q 20 Q
1 +20 Q@ 2and0 Q 0 1= 0 .Also note that the basis set used to
constructlt in the recovery is not orthogohaBince the basis set used is not orthogonal,
we might have basis functions presentlie recovered coefficient that are not present in
the original, 5o In addition, erroginserted when numerically obtainipgoexpansiorand
0 can contribute in reducing the quality of the recovered conductivity coeffidibet.
errorswill then carry into the error obtained when calculat¥g. »; . Thesecan then

cause, v to defer from, 4o

The first examplas uses, = 1 everywhere on the unit disk.
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Conductivity

S A

'

-

:”—:

ActualQuLwith E

Figure 1

Reconstructed Sigma

0.9999.

0.9999. —

Reconstructe@ with 4 a= dl

Figure 2
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Reconstructed Conductivity Evaluated on the boundary

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Figure 3 Boundary values afecoveredd, whenQuw.= everywhere on the unit disk.

We will now try to recovetwo types ofexpansios of the following

. e 2 .
o= 1 1 0%+ —+ 1@ — "+1 +1.
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Figure 4 Actual Quwith k= L=
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