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In this project, we explore the use of iterative construction techniques to subdivide domains and analyze 
their performance under environmental functions. The construction techniques, inspired by fractals, are 
applied to take advantage of the economy of scale while allowing for growth in a bounded region. 
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1 Inspiration of the Sierpinski Triangles  

1.1 Sierpinski Gasket  
The Sierpinski Gasket is a well-known fractal set with a very simple construction: take an equilateral 

triangle, cut the sides in half, and connect the midpoints. You will be left now with three similar 

triangles, to which you repeat the same pattern. If you were to continue forever, you would create a 

shape that is closer and closer to the Sierpinski Gasket. 

 

We of course do not have forever, so if we want to create something like the Sierpinski Gasket, we must 

choose a point to stop. For this example, we shall perform no more than 5 iterations of a described 

construction. 

One might notice that at any iteration of the construction, the partial Gasket defines the shapes of many 

upward-pointing triangles, and many downward pointing triangles. We shall look at each of these sets as 

a domain for a function. But first we must place our construction in a space which allows us to quantify 

such a function. Let us place our first triangle, of side-length 1, with lower-left corner at the origin. 

1.1.1 Application of an Environment Funtion  

Let us say now that our downward-pointing triangles represent some sort of real-estate, such that the 

value of the land is proportional to the square of its distance from the ὼ ὥὼὭί. This gives us a function: 

Ὢὼ,ώ = ώ2 

which we may use to evaluate the quality of our real estate at each iteration. 

Clearly as we increase the number of downward-pointing triangles, the overall value of the domain 

increases. We can see this by calculating the integral: 

ώ2  ὨὼὨώ
(ὼ,ώ)ᶰɳ

 

over each of the domains, giving the following values: 

 

0.0135

 

0.0245

 

0.0329

 

0.0393

 

0.0440

 

1-1 Iterative construction of the Sierpinski Gasket 
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1.2 Scale Variations on the Sierpinski Gasket  
Constructing each of the above examples was simple enough, but there are more interesting ways we 

can build domains using the same principles behind this construction. We can instead of dividing the 

sides by 2, divide them by 3, connecting opposite points to create a different subdivision of the triangle. 

In fact, we can divide by any integer ‌, ǘƻ ŎǊŜŀǘŜ ŀ ŘƛŦŦŜǊŜƴǘ ǎŜǘ ƻŦ ǎǳōŘƛǾƛǎƛƻƴǎΦ [ŜǘΩǎ ƴƻǘ ƎŜǘ ŀƘŜŀŘ ƻŦ 

ourselves just yet though.  

Instead, let us consider now dividing by 3 at each iteration instead of by 2. Again, since we are adding 

downward-pointing triangles every time, we will increase the value of our property at each step, but 

now as you can see, the rate has changed: 

0.0174

 

0.0302

 

0.0389

 

0.0447

 

0.0486

 
 

If you notice, the value of our domain increases more sharply at the first iteration, but then evens out 

with the 2-divided triangles as we divide more. 

Now we shall consider what happens if we mix the two construction types: 

The tables on the following pages illustrate the constructions of mixed-ratio Sierpinski-type triangles for 

5 iterations of ‌= 2 έὶ 3. Each row represents the construction of a separate fifth-degree triangle, and 

each column indicates a single iteration, with the division ratio in the upper-left corner, just before the 

function value evaluated over the domain. 

Note that the function value, as expected, is largest at the end of each row. If we look instead at the 

columns, we can see what the optimal configuration is for each step of iteration. The best configuration 

in each column is highlighted in green, and the best configuration for each step (given the step before it) 

is highighted in yellow. Note that, as might be expected, the best configuration for the first few 

iterations involves dividing by three. This is consistent with the above observation that dividing by three 

more quickly increases our function value than dividing by two for the first few iterations. However, at 

the fifth iteration, the optimal configuration is not simply to divide again by 3. In fact, it is a completely 

different configuration as it begins by dividing by two. 

This shows that if we are using this sort of construction, it is sometimes more optimal to mix different 

variations on our constructive techniques than it is to take one pattern and repeat just that. 

1-2 {ŎŀƭŜ ǾŀǊƛŀǘƛƻƴǎ ƻƴ ǘƘŜ {ƛŜǊǇƛƴǎƪƛ ¢ǊƛŀƴƎƭŜ ŦƻǊ ʰҐнΣоΣпΣу 
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2: 0.0135

 

2: 0.0245

 

2: 0.0329

 

2: 0.0393

 

2: 0.0440

 
2: 0.0135

 

2: 0.0245

 

2: 0.0329

 

2: 0.0393

 

3: 0.0456

 
2: 0.0135

 

2: 0.0245

 

2: 0.0329

 

3: 0.0414

 

2: 0.0456

 
2: 0.0135

 

2: 0.0245

 

2: 0.0329

 

3: 0.0414

 

3: 0.0470

 
2: 0.0135

 

2: 0.0245

 

3: 0.0357

 

2: 0.0413

 

2: 0.0456

 
2: 0.0135

 

2: 0.0245

 

3: 0.0357

 

2: 0.0413

 

3: 0.0470

 
2: 0.0135

 

2: 0.0245

 

3: 0.0357

 

3: 0.0432

 

2: 0.0470

 
2: 0.0135

 

2: 0.0245

 

3: 0.0357

 

3: 0.0432

 

3: 0.0482
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2: 0.0135

 

3: 0.0281

 

2: 0.0355

 

2: 0.0411

 

2: 0.0453

 
2: 0.0135

 

3: 0.0281

 

2: 0.0355

 

2: 0.0411

 

3: 0.0467

 
2: 0.0135

 

3: 0.0281

 

2: 0.0355

 

3: 0.0430

 

2: 0.0467

 
2: 0.0135

 

3: 0.0281

 

2: 0.0355

 

3: 0.0430

 

3: 0.0480

 
2: 0.0135

 

3: 0.0281

 

3: 0.0380

 

2: 0.0430

 

2: 0.0467

 
2: 0.0135

 

3: 0.0281

 

3: 0.0380

 

2: 0.0430

 

3: 0.0480

 
2: 0.0135

 

3: 0.0281

 

3: 0.0380

 

3: 0.0446

 

2: 0.0480

 
2: 0.0135

 

3: 0.0281

 

3: 0.0380

 

3: 0.0446

 

3: 0.0491

 


