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Chapter 1

Tahanto Regional High School is a small, regional high school located in Boylston,
Massachusetts. The towns that make up the region are Boylston and Berlin. However, those are
not the only towns that are represented by the studentaimpuldue to school choice. Other
towns include: Clinton, Millbury, Leominster, and the city of Worcester. Conversely, students
from Boylston and Berlin leave the school district and pursue other options at other surrounding
high schools, such as Hudsdigh School, Assabet Regional Vocational Technical High School,
Parker Charter School, S t-Mariah.o Thar® are 48thstudets b u r y
(48% male, 52% female) currently enrolled in Tahanto with 35tifuké teachers presehtThe
13:1 studentteacher ratio is the same as the state average stedeher ratid. The student
popul ation 1Is not very diverse at al | . The
95% White (as opposed to 72% state average), 2% Hispanic (13%), Pesidic/ Islander 2%
(5%), American Indian <1% (<1%) and Black, NHispanic <1% (8%f.

These figures are a direct correlation to the demographics of the towns themselves. The
town of Boylston is a rural, typical New England town. It is 19.67 sgoales in area and has a
population of 3,517 with 96.7% being White, 1.4% Asian, 0.7% Afridarerican and 0.8% 2+
races As of the 2000 census, the town of Boylsto
to the national average of $21,587The tavn of Berlin is very similar in figures (in terms of
race percentages). Berlin, like Boylston, is a rural, typical New England town. Itis 13.09 square
miles in area and has a population of 2,293 with 97.6% White, 1.0% Asian, 0.2% African
American and @% 2+ race$. Berlin, however, has not developed economically as much as
Boyl ston has recentl y. Berlinds per capita i
opposed to the national average of $21,587.

The state of Massachusetts testssalldents throughout their educational career with a
standardized test known as the MCAS. Once a student reaches™tiyead®, their MCAS

! www.greatschools.net/modperl/browse_school/ma/l@icessed Dec. 12, 2007

2 www.publicschoolreview.com/school_ov/school_id/3722i¢cessed Dec. 12, 2007

3 www.greatschools.net/modperl/browse_school/ma/l@essed Dec. 12, 2007

* www.greatschools.net/modperl/browse_school/ma/l@essed Dec. 12, 2007

® www.mass.gov/dhed/iprofile/039.pfDe mogr aphi cso®6 :; accessed Dec. 1, 2007
® www.epodunk.can/cgirbin/geninfo.php?locindex=2884#ecinEc onomy o ; accessed Dec. 1,
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scores determine whether or not they can graduate high school. However, the MCAS also tests
the school system to sénow well the teachers perform. To do this, the state collects the MCAS

score data on every school so they can plot an Adequate Yearly Progress (AYP) chart to see how
ng t,lare plets at ed s

it, they analyze how the school has performed, and it gives the school a rating based on

each school performs accordi t o

performance and rates how they can improve in both English/Language Arts and Mathematics.

Tahantods ratings are shown in the table belo
Subject Perfamance Rating Improvement Rating

English/Language Arts Very High On Target

Mathematics High On Target

Data obtained on Dec. 1 2007 from:

http://profiles.doe.mass.edu/ayp/ayp_report/school.aspx?fycode=2007&orgcode=06200505

There are certain guidelines that the state places on the AYP, which includes: participation,

performance, improvement and graduation rates. The table of how Tahanto performeitigiccor

to the stateds regulations is shown i
Participation Performance Improvement | Graduation Rate
(95%) (Eng/LA=85.4%) (92% att. G18)
(Math=76.5%) (55% grad. rate)
Subject; Eng/LA; YES | Eng/LA; YES Eng/LA; YES | Eng/LA; YES
Met Target Math; YES Math; YES Math; YES Math; YES
Subiject; Eng/LA; 99% | Eng/LA; 96.4% | Eng/LA; +0.7%| Eng/LA; 95%
Actual Math; 100% -Spec. Ed: 85.3% Math; +4.6% | Math; 96%
Math; 81.8%
-Spec. Ed: 59.2Y%

Data obtained on Dec. 1, 2007 from:

http://profiles.doe.mass.edu/ayp/ayp report/school.aspx?fycode=2007&orgcode=06200505

*State
data

regul ations 1in

parent hesi s;

The

the t a

I mpr ov

In 2006, Tahanto performed very well on the MCAS. The results are based on a Composite

Per for mance

|l ndex

(CPI1),

wh i

ch

i's a

SCcCor e

out

performances. In English, Tahanto scored a 98.3/100 on the @ieh placed them™in the
state out of 284 school districts in the sfatén Math, Tahanto scored 93.8/100 on the CPI,

® http://profiles.doe.mass.edu/mcas.aspecessed Dec. 1, 2007
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which placed them 68in the staté® MCAS scores are based on four different categories:

advanced, proficient, needs improvemerd #ailed. The table below shows the breakdown of

the scores Tahanto students had on the 2006 MCAS.

English/Language Arts:

Score Number of Students Percentage of Class
Advanced 24 33%

Proficient 41 57%

Needs Improvement 5 7%

Failed 2 3%

Data obtaind on Dec. 1, 2007 fronfttp://profiles.doe.mass.edu/mcas.aspx

Mathematics:

Score Number of Students Percentage of Class
Advanced 29 40%

Proficient 31 42%

Needs Improvement 8 11%

Failed 5 7%

Data obtained on Dec. 1, 2007 fromttp://profiles.doe.mass.edu/mcas.aspx

Tahanto has many advantages as opposed to some of the other surrounding schools.

These advantages include a favorable estéittacher ratio (13:1) and a very small student body

so the teachers can get to know the students on a more personal level. These advantages seem to

have a direct

performance inEngl i sh/ Language

effect

how wel |

Art s was

nvery

student
hi gh¢

improvement rating. Also, 90% of the"™ @rade students scored advanced or proficient. The

school 6s

perfor mance

Mat h was

Ahigho

and,

t ar fpethed improvement rating. Also, 82% of the™@rade students scored advanced or

proficient.

10 http://profiles.doe.mass.edu/mcas.aspecessed Dec. 1, 2007
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The following is a list of courses that were taught during the student teaching process:

Chapter 2

Algebra | Level 2, Precalculus el O (PreAP), AP Calculus AB and AP Calculus BC.
Tahanto Regional High School is a Middle/High School with graelE3. 7Students are tested in
the sixth grade at the feeder schools, Berlin and Boylston Elementary Schools, andiscioeol

students argested during the summer and then placed in a mathematics class based on their

performance on the entrance exam. Incoming students are pladegrad@ math, 7 grade

PreAlgebra, or & grade honors (Algebra | Level 1) depending on their performafite track

that students take depends on where they have been placed.

Functions Statistic
and Trigonometry
Or Personal

Finance

Level 2 Level 1 Level O
7"grade | 7™ grade math PreAlgebra Algebra |
8™ grade PreAlgebra Algebra | Geometry |
9™ grade Algebra Geometry | Algebra ll
10" grade|  Geometry | Algebra lI Precalculus
11" grade Algebra IHI Precalculus AP Calculus AB
12" grade (optional) AP Calculus AB| AP Calculus BC

If students are shown to be successful, they may cross overhigber level of math.

Therefore, the courses that | taught had students of different grade levels to include sophomores

taking Precalculus and one junior taking AP Calculus BC.

The Algebra | Level 2 class that | taught had freshman and 11 ouvedrgon an IEP?
The level 2 curriculum is based on the Discovering Séti@he Discovering Algebra series

works with data from the physical and social sciences, emphasizes techniques for data analysis,

and uses technology tools such as graphing @dtingl to help visualize and explore algebraic

concepts: The material is

designed to have

t he

St u

performing different explorations throughout the text. As the students do the investigations, they

™ Meeting with Francene Gleason. 19 December 2007.
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are required to thinkbout the examples and exercises and need to discuss with each other the
mathematics before they are given instruction. Steps are given to guide the students through an
exploration. This method of learning provides the students with a-oenaigproachrad

reinforces concepts that appeal to visual learners. The general philosophy in this course is that
all students are capable of learning mathematics and that all students will be successful because
of the process of discovering the mathematics. Thieserused for Geometry Level Il and for
Algebra Il Level 11 Students are required to take three years of mathematics and thus this
series ends at Algebra Il. If students wish to continue their mathematics education, they may
take Functions, Statist, and Trigonometry (a more rigorous course), or they may enroll in
Personal Finance.

In order to be successful in the Algebra Il Level Il course, the students must have
mastered 7 grade math and praigebra. Students engage in problem solving, corizating,
reasoning, and connecting to understand and apply concepts of variable expression and equation.
They represent situations and number patterns with tables, graphs, and verbal rules and
equations, and explore the interrelationships of these repagisas. Students analyze tables
and graphs to identify properties and relationships and demonstrate an ability to solve linear
eguations using concrete, informal and formal methods. Students describe strategies used to
explore inequalities and nonlimeaquations. Students apply algebraic methods to solve a variety
of reatworld problems. Students explore and describe a variety of ways to solve equations
including handson activities, trial and error, and numerical analysis. Students know and apply
algebraic procedures for solving equations and inequalities.

The strands that run through the Algebthdourse are number sense and operations,
patterns, relations, and algebra, data analysis, statistics, and probalsilttye number sense
and opeations strand, the students are encouraged to improve their understanding of itimbers.
They are introduced to a variety of ways to represent numbers and learn to better understand
number systems on higher level than in middle school. They learn hoatiopsrare related to
one another by learning the properties of numbers. Connections are maddife sgaations
and students develop an ability to make estimates based on their understanding of number sense.
In the patterns, relations, algebra sttastudents develop a deeper understanding of relations and
functions and patterrd. They learn how to define functions algebraically, numerically, and

graphically. They learn how to interpret data and create functions based on the data. They
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explorea variety of patterns including linear, quadratic, and exponential. In the data analysis and
probability strands, the students develop their understanding of how to represent data in tables,
stat plots, box plots, histograms, and circle grdphBhey u statistical analysis to analyze the
data in the various representations.

The Precalculus course at Tahanto is offered at only one level. It is an accelerated math
course designed to prepare the students for an AP Calculus class. The classegtiavétau
a mix of sophomores, juniors, and seniors. The curriculum is based on the textbook,

Precalculus: Graphing and Data Analyslsy Michael Sullivan and Michael Sullivan Il and is

published by Prentice Hall. The course is designed for studente wingight be their last math

class they ever take and for others who are preparing for an AP Calculus course or preparing for
college. Because of the rigor of the course, it is considered a Level O course. This series is
designed to be mathematicallyngprehensive and provides excellent preparation for courses
taken in the future. The material is presented to reach students of varying learning styles and
abilities. Graphing technology is integrated throughout the course. The graphing calculator is
usal as a tool for discovering mathematics and for problem solving. Students study a full
catalog of functions at the beginning of the course. Students explore the twelve basic functions
and their algebraic properties and are encouraged to connect thalgedttaically, graphically,

and numerically in preparation for AP Calculus. The students are given sufficient opportunity to
modeling using realorld applications. They learn domain, range, symmetry, continuity, end
behavior, asymptotes, extrema, andgmcity. Once students have a comfortable

understanding of functions, the rest of the course consists of studying the various types of
functionsin depth and modeling the behavior of functiassvell as introducing topics of

calculus. In order for gtlents to be successful in Precalculus they must have obtained a grade of
no lower than an 88 in AlgebraillLevel | or an A in Functions, Statistics, and Trigonometry.
Students are only allowed to take the course with permission from the instructor.

The strands that run through the Precalculus course include number sense and operations
strand, the patterns, relations, and algebra strand, the geometry strand, and the data analysis,
statistics, and probability straft.Complex numbers are developedmnat this level and polar
coordinates are introduced. Mathematical induction is used to prove theorems when taught
sequences and series. Students delve deeper into the study of functions. Polynomials are

examined more closely. Trigonometric functi@ms introduced including proving and using
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identities and relating trig functions to geometry. Students learn to graph trig functions and
apply transformations to the graphs. Ultimately the student is given a solid base for taking an
advanced placemenalculus course. A sample of the RZalculus curriculum framework and
the learning standards for P@alculus are located in the appendix under Figures 13 and 14
respectively.

The AP Calculus AB class consisted of 21 students. AP Calculus is tainght us
Calculus: Graphical, Numerical, Algebralty Demana, Finney, Waits, Kennedy. The

curriculum is designed around the new advanced placement calculus course destription.
Calculus is explored using the rule of four: algebraic, numerical, graphidaleapal**
Students are expected to use the rule of four to investigate and solve problems. The use of
technology is integrated throughout the book. The goals of the advanced placement calculus
curriculum as described in the course description at &fr&l by CollegeBoard are reflected
throughout the text. Students are rigorously taught with enough time allowed during the month
of April to practice for the AP exam in May. In order to be successful in AP Calculus AB, the
student must have obtainedarerage of no lower than a B+ in Precalculus and must be
recommended to the course by the instructor of Precalculus. The AP Calculus syllabus is located
in the appendix under Figure 12.

The AP Calculus BC course consists of 6 students. This coumegtst usingCalculus

of a Single Variabldy Larson, Hostetler, and Edwards. This program offers comprehensive

coverage of the material required by students in BC Calculus as noted in the BC Calculus
description put out by AP Central. The program oféecsirriculum that is pedagogically sound
and comprehensible. Students in BC Calculus are the top students in the school. To reach this

class, students must have entered thgrade enrolled in Algebra | Level I.



Chapter 3

Throughout the @urse of my student teaching, it was required that | develop lesson plans
based on the curriculum. Listed are some of the different lesson plans that | developed along
with an explanation of the rationale behind each lesson.

RealLife Application Quadrati cs
This lesson plan was designed to allow the students to discover and

explore the quadratic relationship between height and time within the context of a real
life application. Students were introduced to quadratic functions via an example of a
reaktlife situation. After watching a video on the overhead computer, students were given
guestions to answer based on the application. After the lesson was completed, students
were given other examples to do for homework. All of the homework questions were on

applications of quadratics.
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Real Life Application-Quadratic Functions

Objective: To discover and explore the quadratic relationship between
height and time within the context of a real-life situation: a pilot being
ejected from an aircraft via the ejection seat.

Using the idea of a pilot being ejected from an ejection seat, students
will explore and manipulate a quadratic equation that models the
change in height over time of a pilot being ejected from his or her jet
and then falling to the ground with the aid of a parachute.

Background: In collaboration with the Naval Air Warfare Center Weapons Division at
China Lake, CA and the Canadian National Defense Headquarters, the NASA Dryden
Flight Research Center has been conducting flight research obtained through a series of
ejection tests. Results from research carried out since 1995 show that NASA Dryden
successfully replaced the current parachute canopy used in F/A-18 aircraft in the United
States and Canéda with a modified C-9 parachute canopy. The new escape system has
proven so far to be safer and provide a slower descent and softer landing with reduced
pressure on the parachute when it opens.

Model: -16t* + 608t + 4,482

1. What is the maximum height (relative to the ground) reached by
the pilot after being ejected?

2. How many feet above the jet was the pilot ejected?

3. When did the pilot reach the ground with the aid of his or her
parachute?

pg.11



Biorhythms-Precalculus

In preparing this lesson plan, | focused on an application of the
trigonometric functions. Students were required to research what biorhythms actually
were prior to this assignment. This lesson afidwhe students to see a rkf
application of sinusoidal functions. Students needed to have prior knowledge on how to

graph sine and cosine graphs.

Biorhythms

Biorhythm theory states that a person’s biological functioning is controlled by three phenomena that vary
sinusoidally with time. It uses the graphs of three simple sine functions to make predictions about an
individual’s physical, emotional, and intellectual potential for a particular day. The graphs are given by
y=Asin(Bx) where x=0 corresponds to a person’s day of birth and where A=1 is used to denote 100%
potential.

The theory states that the physical cycle affects aspects of the body. It encompasses your energy levels,
your resistance, your overall physical strength, your eye-hand coordination, your endurance, and your
resistance to disease. During the positive half of the cycle, you will feel your best. During the down half
of the cycle, you are likely to have less energy and less vitality.

The emotional cycle influences our emotional states. affecting love and hate, optimism and pessimism,
passion and coldness, and depression and elation. At the peak, you are feeling most creative, loving, and
warm and are probably more open in your relationships. Lower levels have an inclination to leave you
withdrawn, less cooperative, irritated, and negative.

The intellectual cycle influences our memory. alertness, speed of learning, reasoning ability, and accuracy
of computation. At the peak, you will be most intellectually responsive and open to accepting and
understanding new ideas, theories. and approaches. At lower levels, you will have difficulty grasping new
ideas and concepts. »
Graphing the Sinusoidal Function y=Asin(Bx)

2
e If the physical cycle has a period of 23 days. then 7” = 23. Solving, we find that B= . The

e
physical biorhythm can be described by the equation y = Sln((E%)X). Enter this in your calculator.

e If the emotional cycle has a period of 28 days, them B= , and the emotional biorhythm can
be described by y= . Enter this in your calculator.

e If the intellectual cycle has a period of 33 days. then B= , and the intellectual biorhythm can
be described by y= . Enter this in your calculator.

How to Find Your Window
The x-min is the number of days old you are as of today, x-max can be 30 more days than that. To find
the number of days old you are, use the days between dates feature on the calculator.
Example: from November 13, 1973 through January 15, 2006
dbd(11.1373,01.1506)

X-min= X-max= x-min + 30=

pg.12



Questions

1.

2:

Label your graph completely.

Safety experts have often warned drivers that emotional and sensitivity factors contribute to many
accidents. Data collected from several sources indicate that an unusually high percentage of careless
or self-caused accidents occur on critical days of the 28-day cycle. What are your critical days of the
emotional cycle for the current month?

Some doctors claim that the fluctuations of the intellectual cycle are closely related to the secretion of
the thyroid gland. According to some studies, the first 16.5 days of this cycle are when students and
others are more able to absorb new concepts and make more progress. Using the current month,
describe where you are in your intellectual cycle. Be sure to include your critical days in your
description.

According to some hospital research, a patient does better if he or she chooses to have an optional
procedure done on a day when the physical cycle is high and avoids critical days. Assuming the
research is correct and that you need some elective surgery, show what days of your physical cycle
would be high and what critical days should be avoided during the current month.

Maxine said that the emotional cycle always crosses the median point on the same day of the week on
alternate weeks. Is she correct?

Tony said that if you examine the emotional cycle on alternate weeks, it produces a pattern wherein
the day of the week is always a high or low. Is he correct?

All three life cycles start at zero at birth because it is the beginning of independent life for the
organism. How long does it take for all three cycles to get back together again at zero?

Mark McGuire hit his 70th home run September 27, 1998. Mark was born October 1, 1963. As his
biorhythm advisor, what would you tell him after observing his graphs?

Greg Maddux had his 300th victory on August 7, 2004. He failed to get his 300th on Aug 1. Greg was
born April 14, 1966. As his biorhythm advisor, what would you tell him after observing his graphs?

pg.13



Trig Project-Precalculus

This lesson plan was designed to show the students how the dine an
cosine graphs are transformed based on the changes in amplitude, period, phase shift and
vertical shift. Students needed to know how to draw the sine and cosine graphs because
they were required to draw the graphs on a coordinate plane, then dravw ges
which had different amplitudes and analyze the changes that took place. The students

also had to do that for period, phase shift and vertical shift changes.

Title: Exploring Variations in Trig Functions

Overview: This lesson will demonstrate the various translations of y = AsinB(x + D) + C
based upon changes in A, B, C, and D.

Grade Level: Grades 10, 11, and 12; Precalculus

Prerequisite Knowledge:
Students must have basic knowledge of the parent graphs of the trigonometric
functions of sine and cosine.

Objectives:
e The student will be able to predict the resulting graph from any single change
of parameter in a trigonometric function.
e Students in each group must confer and agree on the prediction of the above
changes.
e Each student will be required to perform a specific duty in compiling the
discoveries of the group.

Evaluation:
Student achievement will be based on the student summary sheets and graphs of
the functions. Students will be graded on neatness, accuracy, and overall understanding.

Extension/Follow-Up:

e In future lessons explore periodic real-world phenomena using the sine and
cosine functions - sound waves, radio frequency, tides and hours of daylight.

e Have a student bring in one of their musical instruments. A CBL (TI
Calculator Based Laboratory) would then be hooked up to a microphone and
different pitches would be tried. For each pitch, one group of students will
come up and carefully figure out the period of the curve. The frequency may
now be found by using the equation f=2m/p where fis the frequency, and p
is the period of the graph.
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Curve SketchingCalc AB and BC

This lesson plan was developed to help studentstigainnderstanding of
what the graph of a function | ooks 1|ike
Students needed to know how to obtain a
graph analysis. Also, students had to be able to cotireegraph of the derivative to
the graph of the function without having a function. This allowed the students to gain a
deeper understanding of how the graphs of the first and second derivative relate to one
another.

pg.15
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The Shape of a Graph, Part I

In the previous section we saw how to use the derivative to determine the absolute minimum and
maximum values of a function. However, there is a lot more information about a graph that can
be determined from the first derivative of a function. We will start looking at that information in
this section. The main idea we’ll be looking at in this section we will be identifying all the
relative extrema of a function.

Let’s start this section off by revisiting a familiar topic from the previous chapter. Let’s suppose
that we have a function. f (x) . We know from our work in the previous chapter that the first
derivative, f”(x). is the rate of change of the function. We used this idea to identify where a

function was increasing, decreasing or not changing.

Before reviewing this idea let’s first write down the mathematical definition of increasing and
decreasing. We all know what the graph of an increasing/decreasing function looks like but
sometimes it is nice to have a mathematical definition as well. Here it is.

Definition

1. Givenany X, and x, from aninterval Jwith x, <x, if f(x)<f(x,) then f(x) is
increasing on .

2. Givenany x; and X, from an interval Jwith x, <x, if f(x)> f(x.) then f(x) is
decreasing on I.

This definition will actually be used in the proof of the next fact in this section.

Now, recall that in the previous chapter we constantly used the idea that if the derivative of a
function was positive at a point then the function was increasing at that point and if the derivative
was negative at a point then the function was decreasing at that point. We also used the fact that
if the derivative of a function was zero at a point then the function was not changing at that point.
We used these ideas to identify the intervals in which a function is increasing and decreasing.

The following fact summarizes up what we were doing in the previous chapter.

Fact

L. If f'(x)>0 for every x on some interval I. then £ (x) is increasing on the interval.
2. If f'(x) <0 for every x on some interval /. then f (x) is decreasing on the interval.

3. If f'(x)=0 for every x on some interval I, then f (x) is constant on the interval.

The proof of this fact is in the Proofs From Derivative Applications section of the Extras chapter.
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Let’s take & fook ai airexampie: Tiis exampie has iwo purposes. First; it will remind usof e i

increasing/decreasing type of problems that we were doing in the previous chapter. Secondly,
and maybe more importantly, it will now incorporate critical points into the solution. We didn’t
know about critical points in the previous chapter, but if you go back and look at those examples,
the first step in almost every increasing/decreasing problem is to find the critical points of the
function.

Example 1 Determine all intervals where the following function is increasing or decreasing.
5 40
x)=—x+=x'+—x*+$5
f( ) 2 3
Solution
To determine if the function is increasing or decreasing we will need the derivative.
1'(x)=-5x" +10x* +40x°
=-5x*(x* - 2x-8)
=-5x" (x—4)(x+2)

Note that when we factored the derivative we first factored a “-1” out to make the rest of the
factoring a little easier.

From the factored form of the derivative we see that we have three critical points : x= -2,
x=0_.and x=4. We’ll need these in a bit.

We now need to determine where the derivative is positive and where it’s negative. We’ve done
this several times now in both the Review chapter and the previous chapter. Since the derivative
is a polynomial it is continuous and so we know that the only way for it to change signs is to first
go through zero.

In other words, the only place that the derivative may change signs is at the critical points of the
function. We’ve now got another use for critical points. So, we’ll build a number line, graph the
critical points and pick test points from each region to see if the derivative is positive or negative
in each region.

Here is the number line and the test points for the derivative.
' |

1 |
F(3)=-315" s(-1)=25 : 7(1)=45 : 7'(5)=-875
6 R TN A DY (x>0 | S(x)<0
| : |
—
-4 -3 =2 -1 0 1 2 3 4 5 6

S

4
A
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‘Make sure that you tesi your poinis in the derivative: One of the more comumon misiakes hiere is |

to test the points in the function instead! Recall that we know that the derivative will be the same
sign in each region. The only place that the derivative can change signs is at the critical points
and we’ve marked the only critical points on the number line.

So, it looks we’ve got the following intervals of increase and decrease.

Increase: —2<x<Oand 0<x<4
Decrease : —ow<x<-2and 4<x <o

Note that often the fact that only a single point separates the two intervals of increase will be
ignored and the interval will be written -2 <x<4.

In this example we used the fact that the only place that a derivative can change sign is at the
critical points. Also, the critical points for this function were those for which the derivative was
zero. However, the same thing can be said for critical points where the derivative doesn’t exist.
This is nice to know. A function can change signs where it is zero or doesn’t exist. In the
previous chapter all our examples of this type had only critical points where the derivative was
zero. Now, that we know more about critical points we’ll also see an example or two later on
with critical points where the derivative doesn’t exist.

How that we have the previous “reminder” example out of the way let’s move into some new
material. Once we have the intervals of increasing and decreasing for a function we can use this
information to get a sketch of the graph. Note that the sketch, at this point, may not be super
accurate when it comes to the curvature of the graph, but it will at least have the basic shape
comrect. To get the curvature of the graph correct we’ll need the information from the next
section.

Let's attempt to get a sketch of the graph of the function we used in the previous example.

Example 2 Sketch the graph of the following function

f(x)==x° + e +4TO +5
Solution
There really isn’t a whole lot to this example. Whenever we sketch a graph it’s nice to have a
few points on the graph to give us a starting place. So we’ll start by the function at the critical
points. These will give us some starting points when we go to sketch the graph. These points are,

f(—2)=—8—39-=~29.67 7(0)=5 7(4) _@ =474.33

Once these points are graphed we go to the increasing and decreasing information and start
sketching. For reference purposes here is the increasing/decreasing information.
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T incresse T =2y 0and 0 x <

Decrease : —oo<x<-2and 4<x <o

Note that we are only after a sketch of the graph. As noted before we started this example we
won't be able to accurately predict the curvature of the graph at this point. However, even
without this information we will still be able to get a basic idea of what the graph should look
like.

To get this sketch we start at the very left of the graph and knowing that the graph must be
decreasing and will continue to decrease until we get to x =—2. At this point the function will
continue to increase until it gets to x =4 . However, note that during the increasing phase it does
need to go through the point at x =0 and at this point we also know that the derivative is zero
here and so the graph goes through x = 0 horizontally. Finally. once we hit x =4 the graph
starts, and continues, to decrease. Also. note that just like at x =0 the graph will need to be
horizontal when it goes through the other two critical points as well.

Here is the graph of the function. We, of course, used a graphical program to generate this graph,
however, outside of some potential curvature issues if you followed the increasing/decreasing
information and had all the critical points plotted first you should have something similar to this.

500 (4,47433)

Let’s use the sketch from this example to give us a very nice test for classifying critical points as
relative maximums, relative minimums or neither minimums or maximums,

Recall Fermat's Theorem from the Minimum and Maximum Values section. This theorem told
us that all relative extrema (provided the derivative exists at that point of course) of a function
will be critical points. The graph in the previous example has two relative extrema and both
occur at critical points as the Fermat’s Theorem predicted. Note as well that we’ve got a critical
point that isn't a relative extrema (x = 0). This is okay since Fermat’s theorem doesn’t say that
all critical points will be relative extrema. It only states that relative extrema will be critical
points.
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graph is decreasing and to the right of x =—2 the graph is increasing and x =-2 is a relative
minimum. In other words, the graph is behaving around the minimum exactly as it would have to
be in order for X =—2 to be a minimum. The same thing can be said for the relative maximum at
x=4. The graph is increasing of the left and decreasing on the right exactly as it must be in
order for x =4 to be a maximum. Finally, the graph is increasing on both sides of x =0 and so
this critical point can’t be a minimum or a maximum.

These ideas can be generalized to arrive at a nice way to test if a critical point is a relative
minimum. relative maximum or neither. If x =¢ is a critical point and the function is decreasing
to the left of x =c¢ and is increasing to the right then x =c¢ must be a relative minimum of the
function. Likewise. if the function is increasing to the left of x =¢ and decreasing to the right
then x =c¢ must be a relative maximum of the function. Finally, if the function is increasing on
both sides of x = ¢ or decreasing on both sides of x =c then x=c can be neither a relative
minimum nor a relative maximum.

These idea can be summarized up in the following test.

First Derivative Test

Suppose that x=c isa critical point of f (x) then.

1. If /'(x)>0 totheleftof x=c and /"(x)<0 to theright of x=c then x=c is arelative

2. If f'(x)<0 tothe left of x=c and f’(x)>0 to the right of x=c then x =cis a relative
minimum.

3. lff'(x) is the same sign on both sides of x =¢ then x = ¢ is neither a relative maximum
nor a relative minimum.

It is important to note here that the first derivative test will only classify critical points as relative
extrema and not as absolute extrema. As we recall from the Finding Absolute Extrema section
absolute extrema are largest and smallest function value and may not even exist or be critical
points if they do exist.

The first derivative test is exactly that, a test using the first derivative. It doesn’t ever use the
value of the function and so no conclusions can be drawn from the test about the relative “size™ of
the function at the critical points (which would be needed to identify absolute extrema) and can’t
even begin to address the fact that absolute extrema may not occur at critical points.

i tiie skeich of the grapir from the previous example we cansee it wiic e of ¥ =2 e
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The Shape of a Graph, Part Il

In the previous section we saw how we could use the first derivative of a function to get some
information about the graph of a function. In this section we are going to look at the information
that the second derivative of a function can give us a about the graph of a function.

Before we do this we will need a couple of definitions out of the way. The main concept that
we'll be discussing in this section is concavity. Concavity is easiest to see with a graph (we’ll
give the mathematical definition in a bit).

Concave Down, Decreasing Concave Down, Increasing

So a function is concave up if it “opens” up and the function is concave down if it “opens”
down. Notice as well that concavity has nothing to do with increasing or decreasing. A function
can be concave up and either increasing or decreasing. Similarly, a function can be concave
down and either increasing or decreasing.

It’s probably not the best way to define concavity by saying which way it “opens” since this is a
somewhat nebulous definition. Here is the mathematical definition of concavity.

Definition 1

Given the function f (x) then
1. f(x) is concave up on an interval / if all of the tangents to the curve on 7 are below the
graph of f(x).

2. f(x) is concave down on an interval / if all of the tangents to the curve on / are above
the graph of [ (1)

To show that the graphs above do in fact have concavity claimed above here is the graph again
(blown up a little to make things clearer).
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So, as you can see, in the two upper graphs all of the tangent lines sketched in are all below the
graph of the function and these are concave up. In the lower two graphs all the tangent lines are
above the graph of the function and these are concave down.

Again, notice that concavity and the increasing/decreasing aspect of the function is completely
separate and do not have anything to do with the other. This is important to note because students ~
often mix these two up and use information about one to get information about the other.

There’s one more definition that we need to get out of the way.

Definition 2

A point x = is called an inflection point if the function is continuous at the point and the
concavity of the graph changes at that point.

Now that we have all the concavity definitions out of the way we need to bring the second
derivative into the mix. We did after all start off this section saying we were going to be using
the second derivative to get information about the graph. The following fact relates the second
derivative of a function to its concavity. The proof of this fact is in the Proofs From Derivative
Applications section of the Extras chapter.

Fact

Given the function £ (x) then,

1. If f"(x)> 0for all x in some interval 7 then f(x) isconcave up on I.

2. If /"(x)<0forallx in some interval I then £ (x) is concave down on /.
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second derivative is zero or doesn’t exist. Be careful however to not make the assumption that
Jjust because the second derivative is zero or doesn’t exist that the point will be an inflection point.
We will only know that it is an inflection point once we determine the concavity on both sides of
it. It will only be an inflection point if the concavity is different on both sides of the point.

Now that we know about concavity we can use this information as well as the
increasing/decreasing information from the previous section to get a pretty good idea of what a
graph should look like. Let’s take a look at an example of that.

Example 1 For the following function identify the intervals where the function is increasing and
decreasing and the intervals where the function is concave up and concave down. Use this
information to sketch the graph.

h(x)=3x"-5x"+3

Solution
Okay, we are going to need the first two derivatives so let’s get those first.
. B (x)=15x"—15x" =15x7 (x—1)(x+1)

K" (x) =60x* ~30x =30x(2x" 1)

Let’s start with the increasing/decreasing information since we should be fairly comfortable with
that after the last section.

There are three critical points for this function : x=—1. x=0_and x=1. Below is the number
line for the increasing/decreasing information.

K (2) =180
K(x)>0

W (-2)=180
H(x)>0

W(-p)= 28
K (x)<0

*@)--28
K (x)<0

|

-2 -1

Ot o o - - -
e - - = -

So, it looks like we’ve got the following intervals of increasing and decreasing.
Increasing : —oco<x<—-landl<x<mw

Decreasing : —l<x<1

Note that from the first derivative test we can also say that x =—1 is a relative maximum and
that x =1 is a relative minimum. Also x =0 is neither a relative minimum or maximum.

Now let’s get the intervals where the function is concave up and concave down. If you think
about it this process is almost identical to the process we use to identify the intervals of increasing

———Notice that this-fact tells us-that a list of possiblcinflection points will be those pomtswherethe—
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T and-decreasing T This ondy difference is that we will b
first derivative.

The first thing that we need to do is identify the possible inflection points. These will be where
the second derivative is zero or doesn’t exist. The second derivative in this case is a polynomial
and so will exist everywhere. It will be zero at the following points.

x=0, x=i'—lz=:t().707l

As with the increasing and decreasing part we can draw a number line up and use these points to
divide the number line into regions. In these regions we know that the second derivative will
always have the same value since these three points are the only places where the function may
change sign. Therefore, all that we need to do is pick a point from each region and plug it into
the second derivative. The second derivative will then have that sign in the whole region from
which the point came from

Here is the number line for this second derivative.

B (-1)=-30 : K(-1)=175 : K (3)=-75 : (1) =30
B (x)<0 : K" (x)>0 : B (x)<0 : B (x)>0
I I |
] | i 1 [ | 1 1 | -
—ll_$ —Il. —(;5 0' 0'5 ll. 13

So, it looks like we've got the following intervals of concavity.
1 1
Concave Up: ——=<x<0and —=<x<x
2 N3

Concave Down: —o<x<— 1 and O<x< .
N &

This also means that
x=0. x=i% =40.7071

are all inflection points.

All this information can be a little overwhelming when going to sketch the graph. The first thing
that we should do is get some starting points. The critical points and inflection points are good
starting points. So, first graph these points. Now, start to the left and start graphing the
increasing/decreasing information as we did in the previous section when all we had was the
increasing/decreasing information. As we graph this we will make sure that the concavity
information matches up with what we’re graphing.
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Using all this information to sketch the graph gives the following graph.

We can use the previous example to get illustrate another way to classify some of the critical
points of a function as relative maximums or relative minimums.

Notice that x=—1 is a relative maximum and that the function is concave down at this point.
This means that f”(—1) must be negative. Likewise. x =1 is a relative minimum and the

function is concave up at this point. This means that /" (1) must be positive.

As we'll see in a bit we will need to be very careful with x =0 . In this case the second
derivative is zero. but that will not actually mean that x =0 is not a relative minimum or
maximum. We’ll see some examples of this in a bit, but we need to get some other information
taken care of first.

It is also important to note here that all of the critical points in this example were critical points in
which the first derivative were zero and this is required for this to work. We will not be able to
use this test on critical points where the derivative doesn’t exist.

Here is the test that can be used to classify some of the critical points of a function. The proof of
this test is in the Proofs From Derivative Applications section of the Extras chapter.

Second Derivative Test
Suppose that x =c is a critical point of /”(c) such that f*(c)=0 and that f*(x) is
continuous in a region around X =¢ . Then.

1. If f'(c) <0 then x=c is a relative maximum.

2. If f*(c)>0 then x=c isarelative minimum.

3. If f '(L‘) =0 then x=c can be a relative maximum. relative minimum or neither.
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