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Exercise 1
Let V be a finite-dimensional vector space and W a subspace of V. Let T" and S be linear
transformations on V.
(i). Show that S™'W = {z € V : Sx € W} is a subspace of V.
(ii). Show that
dim S7'W < dim Ker S + dim W

(iii). Show that the composition T o S satisfies

dim Ker S < dim Ker T o S < dim Ker T"+ dim Ker S.

Exercise 2
Let V' be a finite-dimensional space over R with dim V' = n. Let <,> be a positive definite
scalar product on V x V and A a symmetric linear map from V to V. Let Ay < Ay < ... < A,
be the eigenvalues of A.
(i). Show that

Ap = sup < Azx,x>.
z€V,||z]|=1

(ii). Let H be a subspace of V' with dimension n — 1. Let wy, ws be two independent vectors
in V. Show that there is some x in span{wy,ws} N H such that ||z| = 1.
(iii). Let S be the set of all subspaces of V' with dimension n — 1. Show that

A1 = inf  sup <Az, x>.
HES yeh,||z||=1

Exercise 3
Let A in C"*? and B in CP*" be two matrices.
(i). Let A be an eigenvalue of I + AB such that A # 1. Show that A is an eigenvalue of
I + BA.
(ii). Show that det(I + AB) = det(I + BA).

Exercise 4
Let A = (ai;)1<ij<n be a real matrix such that a;; > 0 for all 1 < 4,5 < n. Recall the
definition of the spectral radius

p(A) = max{|\| : A € C, \ is an eigenvalue of A},

and the property p(A) = limy_o || A*||* where || || is a multiplicative norm.
Let v = (vy, ..., v,), w = (wy, ..., w,) be two vectors in R". We say that v > w if v; > w; for
allt=1,...,n. v >w, v <w, v <w are defined likewise.



(i). Let v be a vector in R™ such that v > 0 and v # 0. Show that Av > 0.

(ii). Let v = (v1,...,v,) be a vector in C". We define the vector |v| = (|v1], ..., |vn]). Show
that |Av| < Alv|.

(iii). Show that p(A) > 0.

(iv). Set B = (p(A))~'A. Let  in C" be such that Bx = Az, x # 0 and |A\| = 1. Show that
|z| is an eigenvector of B and conclude. Hint: Set y = B|z| — |z].



