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Exercise 1
Let T be a linear transformation of a vector space V into itself. Suppose x ∈ V is such that
T nx = 0, T n−1x 6= 0 for some positive integer n. Show that x, Tx, . . . , T n−1x are linearly
independent.

Exercise 2
Consider the following symmetric tridiagonal matrix n× n

A =



2 −1 0 0 0 . . . 0
−1 2 −1 0 0 . . . 0
0 −1 2 −1 0 . . . 0
0 0 −1 2 −1 . . . 0
...

...
. . . . . . . . . . . .

...
0 0 . . . 0 −1 2 −1
0 0 . . . 0 0 −1 2


.

Show that A is positive definite and all its eigenvalues are positive real numbers.

Exercise 3
Let A be a matrix in Rn×n. Assume that A is symmetric and positive definite, that is
xTAx > 0 for all x 6= 0 in Rn. Denote aij, 1 ≤ i, j ≤ n, the entries of A. For p = 1, ..., n, let
Ap be the matrix in Rp×p defined by Ap = (aij)1≤i,j≤p.
Show that det Ap > 0.

Exercise 4
(i). Let A,B,C be three matrices in Kn×n. Assume that A and B are upper-triangular and
that C = AB. Let ajj, bjj, cjj, 1 ≤ j ≤ n, be the diagonal entries of A,B,C. Show that
cjj = ajjbjj.
(ii). Let M be any matrix in Cn×n. Show that

det exp(M) = exp tr(M),

where det is the determinant and tr is the trace.


